For the quantum correlations between scattered modes in the disordered media, the previous works focus mainly on the cases where the inputs are non-superposed states, for instance, products of Fock states [Phys. Rev. Letts. 105 (2010) 090501]. A natural question that arises is how the superpositions affect the quantum correlations. Following this trail, the comparison between superpositions and products of Fock states is performed. It is found an interesting phenomenon that for the superposition and the corresponding product of Fock state (non-Gaussian states), their averaged quantum correlations are nearly same, whereas the distributions of their quantum correlations might be different. Therefore, superpositions may affect the distributions of the quantum correlations. In addition, to examine how the Gaussian states affect the quantum correlations, we compare the typical Gaussian states with the non-Gaussian states (superpositions and products of Fock states). It is discovered that the non-Gaussian-state input could result in the quantum correlation that is either positive or negative, depending on the number of the input modes and the number of the photons in each mode, whereas the Gaussian-state input always leads to the non-negative quantum correlation. Besides, it is demonstrated that with the increase of the disorder strength, the mean strength of the quantum correlation increases for multi-mode-state inputs (except for multi-mode-coherent-state inputs). These results may be useful to control and adjust the quantum properties of scattered modes after the quantized lights propagating through the disordered medium.
Introduction
The studies of the multiple scattering for quantized lights in a disordered medium have received long-sustained attentions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , which leads to a bunch of novel phenomena in the quantum optics theory, such as, the quantum noise transmitted through a multiple scattering medium [12, 13] , the identification of frequency [14] and spatial [15] [16] [17] quantum correlations (QCs), among the others. Besides, this quantum optical system, nonclassical lights illuminating on a disordered medium, has a great potential for numerous applications 2 Theoretical model 2.1 Propagation of the quantized light through a disordered medium Fig. 1 describes the propagation of the quantized light through a disordered medium with the length of L, the mean free path of l and the number of transmission channels of N . The blue (red) arrows represent the input (output) modes andâ p (b α ) denotes the photon annihilation operator of input (output) modes. We define s ≡ L/l which determines the degree of disorder.
The random-matrix theory of quantum transport [32] [33] [34] [35] [36] [37] [38] [39] is adopted to simulate the propagation behavior, in which the scattering matrix denoted by S describes clearly the input-output relation. After transport Figure 1 : Transport of the quantized light through a disordered medium with the length of L and the mean free path of l.â p denotes the input mode andb α the output mode. Two arbitrary output spatial modes (α and β) are monitored by two detectors through a disordered medium, related to the initial modes, the final outgoing modes can be expressed as:
where S αp is the element of the S matrix which represents the transmission coefficient from the incoming modes to the outgoing modes. Obviously, it is found that each spatial output mode is dependent on the all incident modes according to Eq. (1). For brevity, the method to generate random scattering matrix S is shown in Append. A in detail.
Quantum correlation between the scattered modes
The QC between two arbitrary output spatial modes α and β is related to the probability of detecting the arrival of a photon at mode α and another photon at mode β [40] . In experiments, the corresponding QC can be measured by coincidence counting detection on modes α and β as depicted in Fig. 1 . In theory, the QC [28] can be expressed as
wheren α =b † αb α andn β =b † βb β are the photon number operators of output modes α and β, respectively, :: represents the normal ordering, and the brackets denote quantum mechanical expectation values [b † k (b k ) denoting the creation (annihilation) operator of scattered mode k (k = α, β)]. It is worthy pointing out that C αβ < 0 (C αβ > 0 or C αβ = 0) represents the cases where the output modes α and β are anticorrelated (correlated or uncorrelated).
To present a full picture of the QC, we analyze the statistical distribution, P (C αβ ), of the QC. In order to determine the distribution P (C αβ ) accurately, a large number of samples of random scattering matrices is considered where each random scattering matrix corresponds to a realization of disorder. Each realization provides a specific set of C αβ from which we can calculate the distribution P (C αβ ). Moreover, to characterize the distribution of the QC, it is convenient to introduce the "deviation" of the QC
where the "deviation" is composed of two parts: the positive "deviation" [∆C
withj denoting the average of j.
Numerical results
Inserting Eq. (1) into Eq. (2), one can rewrite the QC as
where S * ij (i = α, β and j = m, n, p, q) denotes the conjugate of S ij andâ † j (â j ) indicates the creation (annihilation) operator of input mode j. According to Eq. (4), one can easily evaluate the corresponding QC when given the input state and the scattering matrix.
Products of Fock states as inputs
Single-mode Fock state |n : If the input is in a single-mode Fock state |n [41] , Eq. (4) always gives a constant value of C αβ = −1/n that is independent of the degrees of disorder s, wheren = n is the mean photon number. In particular, whenn = 2, C αβ = −1/2 neatly reproduces the results in Ref. [28] . Ifn is finite, C αβ = −1/n < 0 indicates that the scattered modes are anticorrelated, and it becomes completely uncorrelated at the limit ofn → +∞. Two-mode-single-photon Fock state |1, 1 : Fig. 2 shows the normalized statistical probability distribution of the QC, P F (C αβ ), with the state of |1, 1 as input. To investigate the effects of the disorder on the QC, four different values of s (s = 1, 4, 9, and 20) have been analyzed as depicted in Fig. 2 . It can been seen that C αβ is dependent on the degree of disorder s which is different from the case of the single-mode Fock states independent on s. Moreover, as shown in Figs. 2(a)-(d) , with s increases, the anticorrelation gradually becomes weak since C αβ tends towards zero. This indicates that for the random media of large degree of disorder, the probability of two photons arriving at two different output modes α and β increases, although they are still anticorrelated (C αβ < 0). Three-mode-single-photon Fock state |1, 1, 1 : When the number of the input modes increases as |1, 1, 1 , it is possible to obtain a positive QC ranging between −1 and around 0.4 for s = 1, 4, 9, and 20 as shown in Fig. 3 . This result indicates that the output modes can be either anticorrelated (C αβ < 0) or correlated (C αβ > 0). Comparing with the two-mode case |1, 1 , it is clear that the number of modes plays a vital role in the distribution of the QC, Interestingly, as the disorder s increases, the central peak of C αβ moves to the right, showing that the output modes are more likely to be correlated in the large-disordered media, which is consistent with the two-mode results.
Superpositions of Fock states as inputs
It has been investigated that the case of products of Fock states is considered as input whereas it is still missing for superpositions of Fock states. Naturally, a new question arises from how the superpositions affect the QC, since superposition is considered as a vital quantum resource which lies at the heart of numerous nonclassical properties of quantum mechanics [42, 43] .
In order to compare with the product of |1, 1 (|1, 1, 1 ), one considers the superposition of |SP2 (|SP3 ) as inputs where |SP2 ≡ (|2, 0 + |0, 2 )/ √ 2 (|SP3 ≡ (|3, 0, 0 + |0, 3, 0 + |0, 0, 3 )/ √ 3) and the SP denotes superposition. It is worthy to note that the state of |SP2 (|SP3 ) has the same mean photon number as |1, 1 (|1, 1, 1 ).
Superposition state |SP2 : Fig. 4 plots the distribution of the QC with the input of |SP2 . When s = 1, C αβ is distributed uniformly between −1 and 0, where its averageC αβ ≈ 0.50 as shown in Fig.  4 (a). With s increasing, C αβ tends to be close to zero which yields that the anticorrelation fades gradually. Meanwhile, the averaged QC,C αβ , increases with the increase of s. Comparing between Figs. 4 and 2, one can find that both distributions and averages of the QCs of |SP2 are similar to the case of |1, 1 . Different from the case of |SP2 ranging between −1 and 0, |SP3 lies between −1 and 1, which elucidates that the scattered modes can be either correlated or anticorrelated. Similarly, it is found thatC αβ increases with the increase of s.
Compared between |1, 1, 1 and |SP3 , it is found that with the same disorder strength, the corresponding distributions of the QC behave differently, although the averages are nearly equal. Therefore, the superpostion affects the distributions of the quantum correlations.
The averages and "deviations" of the quantum correlations
To quantitatively understand the distributions of the QCs with various state inputs, the averages and "deviations" of the QCs are monitored in Fig. 6 , including the products and superpositions of Fock states.
In Fig. 6(a) , one can see clearly that the QC trends from C αβ < 0 to C αβ > 0 as the number of input modes increases. Comparing between Figs. 6(a) and 6(b), one can find that although the superposed state |SP3 and the product state |1 Similarly, the superposed states and the corresponding product states have nearly equal averages of the QCs, whereas they present different distributions of the QCs. For clarity, the results are not present in this literature. Besides, for these multi-mode-state inputs, as the disorder is increased, the ensemble-averaged QC increases, indicating that the probability that two photons arrive at two different output ports increases. 
Gaussian state inputs
Since the cases that we investigate are non-Gaussian-state inputs (products and superpositions of Fock states), we wonder how Gaussian states affect the QCs, where the Gaussian state is defined as a state whose distribution function in phase space (Wigner function) is in the Gaussian form [44] [45] [46] [47] . For instance, the typical Gaussian states include: (1) coherent state, (2) thermal state, and (3) squeezed-vacuum state.
To examine the effects of Gaussian states on the QCs, we investigate the cases of several typical Gaussian states as inputs: (1) coherent state, (2) thermal state, and (3) squeezed-vacuum state.
Coherent state: When a coherent state is considered as input, the QC is worked out as zero regardless of the single-mode or multi-mode input state. It means that, with coherent states as input, C αβ is always one is the positive "deviation" (∆C P αβ ≡ (C αβ −C αβ ) 2 if C αβ >C αβ , the part of the "deviation" above the averaged QC) and the other is the negative "deviation" (∆C N αβ ≡ (C αβ −C αβ ) 2 if C αβ <C αβ , the part of the "deviation" below the averaged QC). The "deviations" have been minified in a scale of 1 : 3 for avoiding overlap with each other a constant of zero [48] as expected. This indicates that output modes are uncorrelated with any coherent state inputs. In other words, any two scattered modes will be simply a product of two coherent states. In addition, it is worthy pointing out that the case of the single-mode state is worked out analytically while the case of the multi-mode state numerically.
Thermal state: If a thermal state is injected, with the single-mode input, one finds the QC being a constant of one analytically. However, when the input is in a multi-mode state, the quantum correlation is not a constant but behaves with a certain probability distribution. In particular, Fig. 7 plots the distribution pattern of the QC with the two-mode-thermal-state input of ρ th1 ⊗ ρ th2 (the mean photon number of each thermal state is two). It is easily found that the QC lies between zero and one regardless of the degree of disorder. Moreover, with increasing s, C αβ increases and approaches one which reveals that the output modes trend to be strong correlated. Fig. 2 Squeezed-vacuum state: If the input is in a squeezed-vacuum state, with the single-mode state, the QC is calculated as a constant of 2 + 1/n analytically (always large than two) wheren is the mean photon number of the input beam. Thus, with the increase ofn, the QC decreases. Nevertheless, with the multiplemode-state input, one has the quantum correlation with a certain distribution pattern. Fig. 8 plots the statistical distribution of the QC with the two-mode-squeezed-vacuum-state input. Note that the QC is always large than zero with various s as shown in Fig. 8 , revealing that the output modes are always correlated. Furthermore,C αβ becomes large with the increase of the disorder, which indicates that large disorder would induce strong correlated output modes. . η * j is the conjugate of η j .ĉ † j (ĉ j ) means the creation (annihilation) operator of the mode j. The real parameters, r j and θ j (j = 1, 2), denote squeezing strength and angle, respectively. The mean photon number of squeezed-vacuum-state is given bȳ n sqz = sinh 2 r j = 2 (j = 1, 2). All the other parameters are the same as the case in Fig. 2 Table 2: The distribution of the quantum correlation between the scattered modes with the Gaussian and non-Gaussian state inputs in disordered media. The second-order quantum correlation of single-mode input state is defined as C = â †â †ââ /( â †â â †â ) − 1 [48] withâ † (â) being the creation (annihilation) operator of the input mode. P i (C αβ ) (i = {T, S, F, and SF}) represents the distribution of the QC with respect to the each input.n denotes the mean photon number of the corresponding input state. The "NG" stands for not given due to the multiple modes of the superposition of Fock state
Comparison between Gaussian states and non-Gaussian states
In summary, table 2 presents the comparison between the Gaussian and non-Gaussian states where there are three kinds of Gaussian states (coherent, thermal, and squeezed-vacuum states) and two types of nonGaussian states (products or superpositions of Fock states) considered. Clearly, each single-mode-state input has a constant QC regardless of the input being Gaussian or non-Gaussian state. Particularly, for the squeezed-vacuum or product of Fock states, the constant QC depends only on the incident mean total photon number, which is not true for the cases of coherent and thermal states. In addition, it is interesting that the constant QC between output modes is equivalent to the second-order quantum correlation of the corresponding single-mode-input state as depicted in table 2, where the corresponding proof is presented in Append. B.
In contrast, the multi-mode-state inputs have the QC with a certain probability distribution except for the coherent state. As a matter of fact, for the multi-mode-coherent-state input, the scattered modes are uncorrelated (C αβ = 0). In addition, the Gaussian states always present the non-negative QC while the non-Gaussian states show the QC which can be either positive or negative.
Conclusion
In conclusion, we investigate the distribution of the quantum correlation between the scattered modes in the different-disordered media with various input states (Gaussian and non-Gaussian states). It is revealed that for the initial quantized light, both internal degrees (e.g. photon number distribution on the Fock basis) and external degrees (e.g. number of spatial modes) play significant roles in the quantum correlations between the scattered modes.
It is discovered that with the single-mode-state input, regardless of the Gaussian or non-Gaussian states, the quantum correlation between output modes is always a constant which is equivalent to the value of the second-order quantum correlation of the input beam. In particular, the single-mode-squeezed-vacuum (Fock-state) input has a constant quantum correlation, 2 + 1/n (−1/n), which is related to the incident mean total photon numbern. In contrast, the single-mode-coherent (thermal) state input has a constant quantum correlation, zero (one), which does not depend on the input photon number. Meanwhile, if the input is in a multi-mode state, the coherent state still has a constant quantum correlation of zero whereas the other states show the quantum correlation with a certain probability distribution. As the disorder is increased, the averaged quantum correlation increases for most situations except for single-mode-state and multi-mode-coherent-state inputs. These results may find applications in quantum information processing, such as quantum-secure authentication [23] .
A Method for generating the random scattering matrix
This section presents how to generate the random scattering matrix S. According to Ref. [32] , the scattering matrix S can be decomposed as
where U (U ′ ) and V (V ′ ) are random unitary matrices and T ≡ diag(T 1 , T 2 , ..., T N ) is the set of transmission eigenvalues (N is the number of transmission channels). As shown in Fig. 9 , the scattering matrix S can be obtained by the three steps: (I) Calculating T by the approach of Dorokhov, Mello, Pereyra, and Kumar (DMPK) [50, 51] ; (II) Generating random unitary matrices U (U ′ ) and V (V ′ ); (III) Determining S through Eq. (5). In the step (I), a Monte Carlo solution of the DMPK model [50] is utilized to calculate T . The DMPK approach describes the evolution of joint probability distribution of transmission eigenvalues P ({T i }) in the form of a N -dimensional Fokker-Planck equation [50] . According to Ref. [50] , in terms of the variables ({x i }), the transmission eigenvalue can be written as T i ≡ 1/ cosh 2 x i . And the results can be expressed in the form of a Gibbs distribution
where
with γ = β(N − 1) + 2 and s = L/l (l being the mean free path and L the length of disordered medium). H({x i }) may be regarded as the Hamiltonian function of N particles at positions x i in one dimensional space, U (x i , x j ) the interaction potential and V (x) the effective confining potential [50] . In particular, we concentrate on the case of time reversal, namely β = 1, U ′ = U T , and V ′ = V T (U T and V T denoting the transpose of U and V , respectively) [32] .
To evaluate particle positions ({x i }), the Monte Carlo simulation is performed as illustrated below [52] . One partitions the one dimensional real axis into bins with boundaries x n given by
where ∆x is the width of the bins. Initially, each particle is located at the center of each bin. In the system, the positions ({x i }) are evolved under the Hamiltonian H. For the evolution of particle positions, a simple Metropolis algorithm is performed. At each time step, we monitor the all particles and attempt to move each one. In fact, in each time step, we pick N times one particle at random among the all particles, thus it is possible that one particle is touched more than once and another is not chosen in one particular sweep. The moving attempt can be described as: (a) picking at random any position between the particle that proceeds and the one that follows the particle that we are trying to move; (b) and taking this position as the new attempted position. We choose the attempted move in this particular way simply to optimize the convergence rate of the algorithm. An important property is that if it starts with an order sequence of particles, x 1 < x 2 < ... < x N , the sequence remains ordered in each time step. Whether or not to accept the move is dependent on the change ∆E to the system energy that would occur if the particle were moved to the new position. If ∆E is negative, the move is accepted, and let the particle be in the new position. If ∆E is positive, the move is accepted conditionally. A random number between zero and one is generated and the move would be accepted if this number is smaller than exp(−β∆E). Before recording any quantity (positions {x i }), the system should reach equilibrium which can be obtained by a certain bunch of warming-up sweeps.
The simulations are performed over systems with up to 20 particles. The equilibration is usually reached very fast and 10 5 sweeps is used to warm up the system. The values of ({x i }) are recorded over 10 7 sweeps and the statistics that we are able to obtain are usually excellent. After ({x i }) is worked out, one can easily arrive at T by evolving T =diag(T 1 , T 2 , ..., T N ) with T i ≡ 1/ cosh 2 x i . In step (II), the random unitary matrices U (U T ) and V (V T ) are generated, which is followed by the step (III), according to Eq. (5), one then obtain the scattering matrix S.
B Proof
We proof that, in the case of single-mode-state input, the two-channel quantum correlation C αβ between output modes is equal to the second-order quantum correlation of the single-mode input beam where the
